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Abstract — In this paper, we state and prove a theorem for 
local existence of a unique solution for a system of nonlinear 
ordinary differential equations ( NODE ) of first order by 
proving that the nonlinear operator of this system is contractive 
in a metric space subset of the Banach space consisting of the 
bounded differentiable functions on the real numbers and 
equipped with a Bielescki's type norm. Finally, we give 
examples to illustrate our result. 

Index Terms — Banach space of bounded functions 
X( f - E C f [R ), Existence of a unique solution globally, System 
of nonlinear ordinary differential equations of first order. 


I. INTRODUCTION 

In 2015, Bojeldain [1] proved a theorem for the existence of 
a unique solution for nonlinear ordinary differential 
equations of order m. 

In this paper we study the system of nonlinear ordinary 
differential equations of first order having the general form: 

r{t} = F(t f X( t», ( 1 ) 

with the initial condition, 


for i = 1,2..3, — t n. 

Since the system of (NODE) (1) with the initial condition 
(2) is equivalent to the integral equation: 

X( O = C + Jf F( t, t })dT (7) 

we denote the right hand side (r.h.s.) of (7) by the nonlinear 
operator X )t; then prove that this operator is contractive 
in a metric space E subset of the Banach space B of the class 
of bounded functions A r ( t 3 e C ' ( [R ) defined by: 

B = {( t f X( £ 3)| It - a\ < | x t ( t)- Ci < I/ < do, i = 

1,2,3, -,n} 

( 8 ) 

and equipped with the weighted norm: 

-V = wujr ( &xp (-L It- a|) Sf= J*i( £ )I3 (9) 

which is known as Bielescki's type norm [2], 
L = mwc( M) is a finite real number where 
^ = mcjr( [ { ), 1 1 is the Lipschitz coefficient of ft ( t, A J ( t )) 
for i - 1,2,3, — ,n in HI ( a subset of the Banach space B 
given by (8)) defined by: 


X{a} = C, 

where t > a is a finite real number, and 
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In other form the system is 


*iCO = t,ii_(0,x s tO,x a tO,'-,x n C03 
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SI = {( t, x L ( t),x 2 ( t),x 3 ( fr), ■■■ ,i n (t))| It - c| < 
r, U £ C t ) - C;| < Ti < 7?} 

(10) 

where 

T and T for t = 1,2, ... , n are finite real numbers. 

When the function F in the r.h.s of (1) depends linearly on 
its arguments except £, then equation (1) is a U r order 
system of linear ordinary differential equations and to prove 
the existence of a unique solution for it in " a - T, a . +■ T ] 
one usually prove that component wise in a neighbourhood 
A r £ ( a ) for t E [ .a, a + S ], then mimic the same steps of the 
proof for t E [ a — £, a ]; after that use another theorem to 
show whether the solution do exist for all 

I E [a — T, c. T T ] or not as in [3]. By the theorem which 
we are going to state and prove in this paper one can easily 
prove the existence of a unique solution for 1 st order 
nonlinear systems of ordinary differential equations on the 
general form (1) for all t E [ a — S f a + £ ] directly in a very 
simple metric space E consisting of the functions 
X(t ) E C'[a — T, a +■ T ], subset of the Banach space (8) 

4], and equipped with the simple efficient norm (9) for 
t — a | < tf, moreover if the Lipschitz condition (11) is 
guaranteed to be satisfied in the Banach space (8), then the 
theorem guarantees the existence of a unique solution for 

I I - fl| < go in most cases and not in general as mentioned in 

[5]. 
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Note that this theorem is valid for l* r order linear systems 
of ordinary differential equations as well. 


II. MAIN THEOREM 

Now, we are in a position to state and prove our main 
theorem. 

Theorem: Consider the system of ( NODE ) (1) with the 
initial condition (2) and suppose that the function F in the 
r.h.s. of (1) is continuous and satisfies the Lipschitz 
condition: 


Kt,*c T(t))|<iU'Ct>-i r Ct)i = 

= !lp=iki-yj (11) 
in FI given by (10); then the initial value problem (1) and (2) 
has a unique solution in the (n T l) dimensional metric 
space E ( of the functions t j E C 1 [ g. - ft, a + S ] jc:F 
defined by: 

E = {( It - a\ < 

sU [(0 - c t \ < r} 

( 12 ) 

T " 

such that 6 = min ( T, — ); where T* = mini 

M 

M = -max ( M[ j , g-tis f ( £, X ( £ ) < Af[, for i = 

1,2,3.. — # n in FI 

Proof: Integrating both sides of (1) from a to t and using the 
initial condition(2), we obtain the system of integral 
equations(7). 

To form a fixed point problem X{t) = Q DO £ denote the 
r.h.s. of (7) by QtYj£, and to apply the contraction mapping 
theorem we first show that Q\ E E ; then prove that Q is 
contractive in E . 

We see that: 

. moot—cl = l-T^t^xcowl < 

< ;>C T, X( T })| dx < 

< fjM dT < Mlt -a\ < MS <M T - < r (13) 
hich means that Q: E -* E. 

Next we prove that 0 is contractive, to do so we consider 
the difference: 


L £ (SfL! |ii( t )- yj[ ( t )| exp{-L It - ol3 ) exp(Lh — 
a|) et< L £ meat exp(-L\x - a\ J Sp =1 U £ (t) - 
yi ( t ) | ) expU, It - o|} dr 


(16) 


which is ( according to (9)), 

IfltAO - (?Cy}|(0 < LlU - Yll J exp(L It - a|) dT = 

= lJf-ylc«j»ttlt-ol)-i) (17) 

i e VG0-g(y)Kj) < ||jr-HKe*pait-al)-i) 


(18) 

Multiplying both sides of (18) by sxpi— Lit — a| } leads to: 

espC-Z.lt - o| )|§ Of) - Qffl ICO < II Jf - y|| 

(l — exp f—Lit — a\ j) < \X — Y |(l — exp (,—LS j) 


(19) 

The most r. h. s. of (19) is independent of t, thus it is an 
upper bound for its 1. h. s. for any t — a < d; whence: 

mutt (espC-Llt - o| )|QQ0 - t?(y) ICO) < 

< II A" — y|| (l — espC—Ld )) ( 20 ) 


which, according to the norm definition (9), gives: 

II QQO - Q Cy) II < (l - exp(—L8 ))||Jf — y||. (21) 

Since 0 < (l — &xp(-L6 )) < 1 ; then Q(X) £ is a 
contraction operator in E and has a unique solution for 
£ E A r c "C a). 


III. EXAMPLS 

In this section, we give two examples illustrate the above 
obtained result. 

Example 3.1 We selected the exact solutions: 


Am = t 2 ' 

x i CO — 9 r i 
t + 4, 


(22) 


and constructed the following system of nonlinear ordinary 
differential equations: 


\Q(X)t- Q(Y}fc| = I Q00 - Q(Y) ICO = 
=|£»- f{t, yC t») dT| < 

< £|f t T, XC T )) - F ( T, y( T ))|dT (14) 


which according to Lipschitz condition (11) yields: 


+ 2t z x 1 — 

x ' 2 CO = 2 e r -x 2 

□ CtJ = —x\ T 2x 3 fr+ 8x a - l : - St - 15 


If we a= 0 in (22), we get 


1(3CO - ( 3 (y)ICt) < e | IatCt 3 - yt t ) idT < 

11 . 

< i £ SF = JsiC T ) - y; ( T )I<Zt (15) 


*:c«>)= o) 

*ico)=il. 

coj = 4 j 


(23) 


(24) 


Multiplying the most r. h. s. of (15) by 
&xp[-Lh — q.| j sxp(Lh - o! X we get 

\Q06-QiY)M < 


as the initial conditions to (23). 

Selecting positive finite real numbers T 1 , T 3 .. and T 2 we find 
that \x{ - c, | < T, leads to \x L [t)\ < |r 2 (t) < T 2 E 1, 
U 3 (t) I <T 2 +4. 

The subset FI is: 


33 


www.ijeas.org 



International Journal of Engineering and Applied Sciences (IJEAS) 

ISSN: 2394-3661, Volume-3, Issue-8, August 2016 


(0)| It -d <T, \x t {t)\ < T v |x 2 (fr3l < T 2 -h 
1, Ix 3 (t)I < T 3 + 4 ] 

(25) 


In Hi we have: 


and l/ 3 (t^i(t) ^ 2 (t)}| = — sinx^ < 1, 

i.e. M 1 = (T+ a) 2 -f T 2 +- 1, M 2 = 1. Hence M = max( 
M li M a }= (T + a) 2 + r a +1. 

Next, we check the Lipschitz condition for and f 2 : 


\f_ x l ® , x 2 (0, x a (t))I = |2t - xl ~ h 2 £ 2 x L - t 4 | < 


|/ L (t, atCO) - A 0 v(0 )| = 


<27-1- 7* -I- 2T 2 Tl -f T 4 , 

\fi X;(tlx 3 (t) ) = 2e : - x 2 | < 2e r +- T 2 + 1, 

and 

h *l(0, x 2 (0, x 3 (t>) = 

= —x? + 2xg t -|— 8x= — t z — 8t — 15 < 

< (7g -I- 4)(7g + 2T +-12) -I- 7(7 + 8) + 15 

i.e. M t = 27 -I- 7l + 2T : T 1 2 +- T 4 , M 2 = 2tr + 7 2 +- 1, 
and Mg = (T a + 4) (7 g + 27 +12) + 7(7 4 8) + 15 

Next, we check the Lipschitz condition for twi d / 3 : 

— ACt,y(t))l = l-x* + 2t 2 x L + y 2 — 2 t 3 y L l < 

< 2(7, -1- 7 : )(|x 1 - Ji + lx 2 - y 2 1 |xg - y 3 D 

(26) 

therefore fi satisfies the Lipschitz condition (11) in 31 given 
by (25) with Lipschitz coefficient lj =2(7! L 7“J, 


= -t 2 oosx!-x 2 + t 2 cosyj + y 2 1 < 

< t : loos x^i — oosyi 1 + |xr = — y 2 < 

< 2(7 -I- q.) 2 (lx t - y t I + |x 2 - y 2 1) , (32) 

and 

|/ J (tjf(0)-/ 2 (fcy(t»| = I — sin x ± + smy L j < 

< \x± - y t I < (]x t - y L I + \x 2 - y 2 1) (33) 

therefore/i and f 2 satisfie the Lipschitz condition (11) in 
HI given by (31) with Lipschitz coefficient l ± = 2(7" -f a) 2 
and l 2 = 1 respectively. 

Hence L = maxQ.. l) = 2 (T H- a) 2 . 

Putting M = k 2 T.. ” L = k t T such that the k lf k 2 are 
positive real numbers, we find that the unique solution exists 
in the interval 1 1 — a| < 6 where, 


\f 2 (t, Jf(t}) - f 2 (fc VGt))! = \2e t -x 2 ~ 2e f - y 2 I < 

< \x 1 - yj + \ x 2 - y 7 2 1 + 1^3 - yi I, (27) 

i.e. f 2 satisfies the Lipschitz condition (11) in HI given by 
(25) with Lipschitz coefficient E a = 1, 
and 


Uaj(t))-/ 3 Cty(o)| = 

= —x\ + 2x 2 £ +■ Hr g + y| - 2y g £ — Sy g | < 

< 2(fl -h T 2 -h T) (k L - y L I -h \x 2 - y 2 1 +■ U a - y g I); (28) 
whence & satisfies the Lipschitz condition (11) in HI given 
by (25) with Lipschitz coefficient E 3 = 2(3 H- 7" g -|- T.J. 
Therefore L = max (2 (7^ H- T : j.. 1, 2 (3 + 7 T 3 + Tj). 

Putting M = max(M lH M 2 ,= k 2 T and T 1 = 

= m['n(r L , T 2 T- = k L T such that the ifc L , k 2 are positive 

real numbers, we find that the unique solution exists in the 
interval It — o| < 6 where, 



r 7, if k i < k 2 

't T ' ^ ' 


Example 3.2 [5] As a second example, consider the 
following system of nonlinear ordinary differential 
equations: 

£ 2 ecisx! + x z = 0 } 
x 2 H- sinXi = 0 y 
having the initial conditions: 


(29) 


xi(cf) = o ; 

x 2 (o) = 1 J 


(30) 


Selecting positive finite real numbers T if 7 2 we find that 
\x{ - Cjl < 7J leads to hnffc)! < T v |x 2 (t)| < T 2 + 1. 


The subset HI is: 


( T, if k i < k 2 

5 = | k i 

ifk 2 >k L 

IV. CONCLUSION 

We see that the contraction coefficient 
0 < (l — expi—LS )} < 1 for any finite 5 > 0. Moreover, 
in most cases, if the function F in the r.h.s. of (1) is 
continuous and satisfies Lipschitz condition in the Banach 
space (8) with finite positive Lipschitz coefficient, then the 
theorem is proved for £ in any interval / of finite length 
because the contraction 

coefficient (l - exp'.— La(I j j ! will be positive and less 
than 1; where |i( / J is the measure of the interval !. 
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{(tx L (t),x 2 (t3)| It -a\ < <T lf k 2 (t3l < t 2 + 

1 } 


(31) 


in which, 

|/ l (lx 1 (0,x 2 (0)| = l-t 2 cosx L - x 2 l < 
-\-\x 2 1 S(7Tg3 z T 7^ Tl 
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